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The integral methods are extensively used for performing the kinetic analysis of
solid-state reactions. As the Arrhenius integral function p(u) does not have an exact
analytical solution, many approximations have been proposed. One popular type of
approximations is called the exponent approximation which can be put in the form
p(u) = ea+b ln u+cu. In this study, a systematic analysis of the errors involved in the
determination of the kinetic parameters calculated by the integral methods based on
the exponent approximations for p(u) has been carried out. The results have shown that
the precision of the kinetic parameters computed from the integral methods analyzed
in this paper depends on u and the errors of the kinetic parameters determined from
Doyle approach are the largest.

KEY WORDS: nonisothermal kinetics, integral method, activation energy, frequency
factor

1. Introduction

Generally the transformation rate during a reaction is assumed to be the
product of two functions, one depending solely on the temperature, T , and the
other depending solely on the fractional conversion of the reaction [1]:

dα

dt
= k(T )f (α), (1)

where α is the fractional conversion. For k(T ) usually an Arrhenius expression
is assumed to valid, i.e. [2]:

k(T ) = Ae−E/RT , (2)
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where A is the frequency factor, E is the activation energy, R is the gas constant.
The overwhelming majority of thermal analyses are conducted at constant

heating rate [3]. Under nonisothermal conditions of a linear heating program,
equation (1) becomes after taking into account equation (2):

dα

dT
= A

β
e−E/RT f (α). (3)

Furthermore

g(α) =
∫ α

0

dα

f (α)
= A

β

∫ T

0
e−E/RT dT . (4)

The integral
∫ T

0 e−E/RT dT of the right-hand side of equation (4) is named
in the literature as the temperature integral [4, 5]. If E/RT is replaced by ‘u’ and
the integration limits are transformed, the above equation becomes:

g(α) = AE

βR

∫ ∞

u

e−u

u2
du = AE

βR
p(u), (5)

where p(u) is the Arrhenius integral function. The p(u) does not have an exact
analytical solution, and a large number of approximations have been proposed
in the literature for performing the kinetic analysis of solid-state reactions from
integral experimental data [6]. Of these approximations, one type of approxima-
tions can be described by the following expression:

p(u) = ea+b ln u+cu, (6)

where a, b, and c are constants. Those approximations proposed by Doyle [7],
Starink [8, 9], Madhusudanan et al. [10, 11], and Wanjun et al. [12] can fall into
the above type called the exponent approximations here. Values of the parame-
ters of those exponent approximations are listed in table 1.

Based on the numerical values of p(u), using a nonlinear regression
method, a new exponent approximation for the p(u) function can be easily
obtained. The corresponding values of the parameters a, b, and c are also listed
in table 1.

The main application of proposing the p(u) approximations is the deter-
mination of the kinetic parameters, and not the computation of the p(u) func-
tion. However, a systematic analysis of the errors involved in the determination
of the kinetic parameters (including the activation energy and frequency factor)
from those integral methods is still missing. The aim of this paper is to carry
out a systematic analysis of the precision of the kinetic analysis from the inte-
gral methods based on the exponent approximations for p(u). It is hoped that
the results of this work aid process development of nonisothermal kinetics of
solid-state reactions.
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Table 1
Values of the parameters of the p(u) approximations.

Approximation for p(u) a b c

Doyle [7] −5.3308 0 −1.0516
Starink I [8] −0.235 −1.95 −1
Starink II [9] −0.312 −1.92 −1.0008
Madhusudanan–Krishnan– −0.297580 −1.921503 −1.000953

Ninan I(MKN I) [10]
Madhusudanan–Krishnan– −0.299963 −1.920620 −1.000974

Ninan II (MKN II) [11]
Madhusudanan–Krishnan– −0.389677 −1.884318 −1.001928

Ninan III (MKN III) [11]
Wanjun–Yuwen–Hen–Cunxin −0.37773896 −1.89466100 −1.00145033

(WYHC) [12]
New approximation −0.460120828342246 −1.86847901883656 −1.00174866236974

(Junmeng–Ronghou)

2. Errors in the activation energy

Equation (5) can be written in the logarithmic form as

ln(g(α)) = ln
AE

βR
+ ln(p(u)). (7)

By introducing equation (6) into equation (7), it follows:

ln(g(α)) = ln
AaEa

βR
+ a + b ln ua + cua. (8)

The subscript a stands for the apparent values of the kinetic parameters
obtained from the above approaches and ua = Ea/RT .

By differentiating equation (8)

∂ ln(g(α))

∂(1/T )
= Ea

R

(
c + b

ua

)
. (9)

The real value of the left-hand side of equation (9) as a function of the true
activation energy can be easily determined by differentiating equation (7):

∂ ln(g(α))

∂(1/T )
= ∂ ln(p(u))

∂(1/T )
= E

R

d ln(p(u))

du
. (10)

The relative error in the activation energy can be defined by the following
expression:

εE = Ea − E

E
· 100% (11)
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From equation (11), one can obtain

Ea = (εE + 1)E, (12)

ua = (εE + 1)u. (13)

The relative error in the activation energy would be estimated from equa-
tions (9), (10), (12), and (13):

εE = 1
c

(
d ln(p(u))

du
− b

u

)
− 1. (14)

3. Errors in the frequency factor

From equations (7) and (8), it follows:

AE

βR
p(u) = AaEa

βR
ea+b ln ua+cua . (15)

We define the relative error of the frequency factor εA = Aa−A
A

· 100%, and
εA can be easily derived from equation (15):

εA = p(u)

(εE + 1)ea+b ln[(εE+1)u]+c[(εE+1)u] − 1. (16)

4. Results and discussion

From equation (14), it is obtained that the relative error is a function
of u= E/RT . The relative error percentages in the activation energy computed
from the integral methods are listed in table 2.

From equation (16), we can obtain that εA is a function of u after taking
into account εE depending on u. Table 3 includes the numerical values of εA for
various u.

The obtained results included in tables 2 and 3 point out that the relative
error percentages in the calculation of the kinetic parameters are rather large for
small values of u and on the other hand for high values of u yields relatively
small errors. Moreover, of the integral methods analyzed in this paper, Doyle
approach is the most imprecision.

All the above calculations have been performed by the Mathematica
software system, which is powerful for the numerical calculation [13].
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5. Conclusions

Due to the fact that the Arrhenius integral function p(u) dose not have
an exact analytical solution, many approximating formulas have been proposed
with the objective of increasing the precision in the determination of the Ar-
rhenius integral. However, the main application of these proposed approxima-
tions is the determination of the kinetic parameters and not the computation
of the Arrhenius integral function p(u). In this paper, we calculated the errors
in the kinetic parameters (including the activation energy and frequency factor)
obtained from the integral methods based on the exponent approximations for
the Arrhenius integral function. Our results have shown that for all approaches
analyzed in this paper, the relative errors of the kinetic parameters very much
depends on u= E/RT . In general, small values of u yield relatively high errors,
and the integral methods are not appropriate. On the other hand, for high values
of u, the errors are quite small. Furthermore, of the integral methods analyzed
here, Doyle approach is the most imprecision.
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